Presented is a quantum computing model of a quantum field theory for a system of fermions interacting via a massive gauge field. The model describes a relativistic superconducting fluid and uses a metric tensor field to both encode the fermion's intrinsic spin in the torsion of curved space and encode the coupling of fermions via a massive 4-potential field. The quantum computing model is a lattice model whose cell size is a deformation parameter: the equivalent lattice and curved-space gauge field theory models both reduce to quantum field theory in flat Minkowski space at zero cell size. The low-energy expansions of the lattice model and Euler-Lagrange equations of the curvedspace gauge field theory are the same equations of motion. The fermion and gauge fields obey the Dirac and Proca equations, and the gauge field strength is determined by the fermion field. Introduction.-Feynman started the field of quantum computation [1, 2] by suggesting that it takes one quantum system to efficiently simulate another-classical computers are less powerful. He proposed a universal quantum simulator [3-6]: a quantum system that can accurately simulate any other quantum system with resources that scale only linearly with the volume of space [7] [8] [9] [10] [11] [12] . Feynman also conjectured, separately, that a simulation with finite computational resources might be exact [13] . This letter confirms this foundational conjecture for a nontrivial model: a gauge field theory for a relativistic superconducting fluid with spin-1/2 fermions coupled via a massive spin-1 gauge field.
Introduction.-Feynman started the field of quantum computation [1, 2] by suggesting that it takes one quantum system to efficiently simulate another-classical computers are less powerful. He proposed a universal quantum simulator [3] [4] [5] [6] : a quantum system that can accurately simulate any other quantum system with resources that scale only linearly with the volume of space [7] [8] [9] [10] [11] [12] . Feynman also conjectured, separately, that a simulation with finite computational resources might be exact [13] . This letter confirms this foundational conjecture for a nontrivial model: a gauge field theory for a relativistic superconducting fluid with spin-1/2 fermions coupled via a massive spin-1 gauge field.
Recently, the flood gates have opened in the search for lattice models of gauge field theories. Early approaches for fermions on a lattice-including loop algorithms [14] , Kogut-Susskind (staggered) fermions [15] and Wilson fermions [16] -have led to new approaches including stream-collide approaches based on quantum walks [17] [18] [19] [20] [21] [22] , digital lattice gauge theories with dynamical fermions [23] [24] [25] and tensor networks [26] . NambuJona-Lasinio models on a lattice are available [27] . Spinor quantum gravity [28, 29] , spin foam [30, 31] and liquids [32, 33] are undergoing active research. Supersymmetric quantum mechanics [34] , Wilson-loop discrete quantum gravity [35] , and Yang-Mills theories [36] are being actively investigated too. Finally, in the direction of quantum simulation, emulation using ultracold atoms (nonAbelian gauge field theory) is undergoing rapid progress [37] [38] [39] [40] [41] [42] [43] [44] . For Feynman-type quantum simulation, the new model presented here can be implemented as a unitary quantum algorithm on an array of qubits.
With the hope of revealing aspects of the yet-to-befound theory of quantum gravity, one might also expect that the equivalent quantum computing model encode unitary particle and field dynamics using the metric tensor field of a curved-space manifold, along the lines of Mie's idea of an "unavoidable connection" between gravitation and the existence of the fundamental particles [45] [46] [47] . The idea that space by itself can support all particle and field dynamics dates back to Kaluza [48] , Einstein [49] and Wheeler [50, 51] , leading to string theory [52, 53] based only on a gravitational Lagrangian as a theory of everything. Recently, Kempf has explored the idea that space can be simultaneously discrete and continuous [54] [55] [56] [57] [57] [58] [59] . Also, the idea that curved space is expressible in terms of spatial entanglement offers a quantum computational opportunity to emulate particle and field dynamics with a lattice model equivalent to a curved-space theory [60] [61] [62] .
Applying Mie's approach to quantum information dynamics, the ansatz proposed here incorporates both gauge invariance and unitarity. This is realized by two propositions: (1) g µν = η µν + S µν is the metric tensor field and (2) S µν = −mc J µν is the quantization of torsion, where η µν is the Minkowski metric, S µν and J µν are expectation values of the angular momentum generators in the spin and position representations of the Lorentz group, is the reduced Planck constant, m is the particle mass, c is the speed of light, is the cell size of the lattice. From these propositions, gauge invariance and unitarity together are expressed as a forward finitedifference equation, giving a lattice model equivalent to a continuous curved space theory with the antisymmetric part of the metric tensor field g µν encoding torsion, a possibility anticipated by Sciama [63] .
A curved-space gauge theory.-A quantum computing model of gauge theory can be written as a generalization of flat-space quantum field theory where g µν models a unitary ψ-A µ nonlinear interaction 
, where s and t denote the spinor components of ψ. The fermions interact unitarily via a bosonic 4-potential field
is the field tensor. The spacetime indices are µ, ν = 0, 1, 2, 3. In the = 0 case the state of the fermion's intrinsic spin is encoded only in the 4-spinor field ψ(x), while in the = 0 case its intrinsic spin is self-consistently encoded in the asymmetric (torsional) part of g µν (x). The quantization condition S µν = −mc J µν equates the expected value of the intrinsic spin (in units of ) due to torsion to the expectation value of the fermion's angular momentum (in units of mc ) where
, and where the expectation value of an operatorÔ is defined as Ô ≡ ψÔψ/(ψψ).
Expanding the antisymmetric ψ-dependent part of g µν to first order in = m • c / gives
where m • parametrizes the strength of the unitary interaction and ρ • is the background density implicitly defined in the zeroth-order term in an -expansion of iψψ
The flat-space limit of (1b) goes to g µν (x)
→0
− −− → η µν , so (1a) reduces to the Lagrangian density for a quantum field theory with minimal coupling in continuous Minkowski space. For = 0, (1) is an analytical deformation of continuous quantum field theory that is congruent to a quantum informational dynamics theory on a spacetime lattice with grid cell size and time step τ = /c. ∈ [0, 1] is the deformation parameter of the theory. The reason why (1) is congruent to a discrete informational theory when = 0 is explained in this Letter; see (29) .
The Euler-Lagrange equations obtained from (1) by varying ψ and A µ are
The Supplemental Material includes a derivation of (3). Relativistic superconductivity.-A relationship between the vector potential and charged current density was discovered by London, connecting Bose-Einstein condensates to nonrelativistic superfluidity and superconductivity [64, 65] . A relativistic London relation between the 4-potential A µ and (unprimed) 4-current J µ is (4), as well as using the normalization condition J µν J µν = 1, the equations of motion (3a) and (3b) become simpler
The Supplementary Material has a derivation of (5) . The definition of the field strength tensor (5c) is added as a component equation. These are relativistic equations of motion for a superconducting Fermi fluid, a generalization of the Dirac-Maxwell-London equations, that in the → 0 limit reduce to the Dirac-Maxwell equations of quantum electrodynamics.
Forward and back reactions.-The 4-current density on the lefthand side of (3b) is J ν ≡ g µν ψγ µ ψ, and this 4-current density is conserved
This continuity equation follows from the derivative of (3b), ∂ ν ∂ µ F µν = 0, because the derivatives are symmetric under interchange of indices whereas the field tensor is antisymmetric. The prime on J ν denotes that the 4-current is an outgoing quantity
Applying the London relation (4) again, the primed (outgoing) 4-potential is
The primed and unprimed quantities are the incoming and outgoing states with respect to a unitary interaction. It is helpful to rederive (8) in a different way to better comprehend the reason for the primed (outgoing) and unprimed (incoming) quantities. L • = i cη µν ψγ µ ∂ ν ψ represents the free particle motion and L = −ψγ µ eA µ ψ represents the minimal coupling ψ-A µ interaction in the conventional flat-space gauge theory part of (1a). The interaction in the flat-space gauge field theory is represented by a Feynman vertex at a point x, depicted in Fig. 1a . Yet, in the equivalent quantum computing (QC) picture, the Feynman vertex diagram is just the low-energy representation of a unitary reaction depicted in Fig. 1b . In the QC picture, dynamics at the vertex (say driven by L • + L ≡ ψLψ) is represented unitarily
where τ ≡ /c is the update time. The dynamics is conservative when ψ (x)γ µ ψ (x) = ψ(x)γ µ ψ(x) (Noether current), which allows one to define a condition for local equilibrium as
The forward interaction part of (9), where the incoming A µ (x) and ψ(x) fields together produce the outgoing ψ (x) field, is therefore given by
Expanded to lowest order in , (11) becomes
In this way, the second term on the righthand side of (12) is the minimal-coupling interaction depicted in Applying the London relation (6), the (primed) 4-potential is defined in terms of the (primed) 4-current
Are (7) the equations of motion for a relativistic superconducting fluid?
Forward and back reactions.-It is helpful to rederive (10) in a di↵erent way to understand the meaning of the unprimed and primed 4-potentials. L = i~c⌘ µ⌫ µ @ ⌫ represents the free particle motion and L 0 = µ eA µ represents the minimal coupling -A µ interaction in the conventional flat-space gauge theory part of (1a). The interaction in the flat-space gauge field theory is represented by a Feynman vertex at a point x, depicted in Fig. 1a . In the quantum computing (QC) picture, the Feynman vertex diagram is regarded as a low-energy repequation for the back reaction? To answer this question, let us write the outgoing 4-current on the righthand side of (10a) in terms of the outgoing 0 field as
and then insert (13) 
Multiplying by e/ 2 L recovers (10b), which is an update equation best expressed in terms of the 4-potentials as
This is just A 0⌫ (x)
, so the outgoing field is determined by the incoming (x) field and the incoming A ⌫ (x) field. The exact flux-conserving collisional form of (15) is a unitary update equation
The unitary collision (16) preserves norm
An advantage of the unitary update (16) is Multiplying by e/ 2 L recovers (10b), which is an update equation best expressed in terms of the 4-potentials as
, so the outgoing field is determined by the incoming (x) field and the incoming A ⌫ (x) field. The exact flux-conserving collisional form of (15) is a unitary update equation 
The QFT vertex is useful for computing scattering amplitudes whereas the QC reaction (x)A µ (x) ! 0 (x)A 0µ (x) is useful for constructing an e cient quantum algorithm.
Applying the London relation (6), the (primed) 4-potential is defined in terms of the (primed) 4-current
Forward and back reactions.-It is helpful to rederive (10) in a di↵erent way to understand the meaning of the unprimed and primed 4-potentials. L = i~c⌘ µ⌫ µ @ ⌫ represents the free particle motion and L 0 = µ eA µ represents the minimal coupling -A µ interaction in the conventional flat-space gauge theory part of (1a). The interaction in the flat-space gauge field theory is repreequation for the back reaction? To answer this question, let us write the outgoing 4-current on the righthand side of (10a) in terms of the outgoing 0 field as
= g µ⌫ A µ (x), so the outgoing field is determined by the incoming (x) field and the incoming A ⌫ (x) field. The exact flux-conserving collisional form of (15) is a unitary update equation
The unitary collision (16) There is also a back reaction (not explicitly encoded in (9)), whereby the incoming ψ(x) and A µ (x) fields together produce the outgoing A µ (x) field. What is the equation for the back reaction? To answer this question, let us write the outgoing 4-current on the righthand side of (8a) in terms of the outgoing ψ field as
Inserting (12) into (13) gives A ν in terms of the incoming 4-potential A ν and ψ. Making use of the adjoint gamma matrices γ µ † and anticommutation relation {γ µ † , γ ν † } = 2η
µν , the outgoing 4-current is [66] A ν (x)
The Supplemental Material has a derivation of (14) . This
= g µν A µ (x), so the outgoing field is determined by the incoming ψ(x) field and the incoming A ν (x) field. The exact flux-conserving collisional form of (14) is a unitary update equation
The unitary interaction (15) preserves the norm
which is consistent with (4) and (10) . An advantage of the unitary update (15) is that it provides a direct pathway to write A µ , and in turn the equations of motion (5), in 4-spinor form [66] .
Gauge invariance.-We require theory (1a) be invariant under the gauge transformation
Yet, the alternative expressions (derived above) for ψ and A µ are the unitary updates equations (11) and (15)
If A µ is a pseudovector, then γ µ A µ is an hermitian matrix, and in turn the forward reaction equation (17) is a unitary transformation. In the U(1) gauge theory case, there is freedom to invoke the gauge fixing condition χ = γ µ eA µ /( c), and inserting this into (16) gives the simple update equations
Remarkably, the gauge transformation of A µ becomes a forward finite-difference equation: continuous dynamics maps to discrete dynamics. The forward finite-difference (18) offers a way to model (1) on a lattice. Inserting (17) into (18) gives a 4-vector Helmholtz equation
the Proca equation in equilibrium (10) with ∂ µ A µ = 0. Inserting (14) into (18) 
Quantum computational spinor form.-As a warmup for rewriting the equations of motion (5b) and (5c) in spinor form, the Maxwell equations can be written in spinor form [66] , a generalization of the representation by Laporte and Uhlenbeck [67] . Start by converting the contravariant 4-potential A µ = (A 0 , A x , A y , A z ) T into the 4-spinor field, say A, by using a unitary matrix transformation, say T . The unitary transformation is
Defining F µ ≡ (−∂ ·A, −∂ 0 A−∂ 0 A 0 +i∇×A), a 4-spinor electromagnetic fieldF, current density spinor field J , and dual 4-potential spinor fieldÃ respectively arẽ
The Maxwell equations expressed in terms of 4-spinor fields (21) and using tensor-product notation are [66] eJ + 1 ⊗ σ · ∂F = 0,F + 1 ⊗σ · ∂A = 0, (22) where
The Supplemental Material contains a derivation of (22) .
Let us now write (5) in spinor form. Define a tensor field
This becomes eJ
A, so the spinor representation of (5) is
The equation pair (24) can be solved for A, leading to the second-order equation for a massive gauge field
A = 0, which in 4-vector notation is (19) . SinceF (21) = iÃ/λ L , (24) may be written in component form for single and doublet spinors
These are a generalization of the Dirac-Maxwell-London equations derived in the Supplemental Material. Equation of motion (25b) are a Dirac equation for a doublet field (a pair of 4-spinor fields) that has a block diagonal mass matrix
Rescaling the doublet field in (25b) as
(25) may be compactly written as
where G µ = (G 0 , G) is a generalized Dirac 4-vector that in a chiral 8 × 8 matrix representation has components
A unitary representation of (28) on a spacetime lattice has the unitary forward and back reactions (17) contained within the particle and gauge field dynamics
The small (low-energy) expansions of (29) are EulerLagrange equations (28) . 1 The Supplemental Material outlines a quantum algorithm based on model (29) .
Conclusion.-The choice of using the curved-space quantum field theory (1) to formulate the quantum computing model (29) was not a choice madeà priori. Instead, requiring that the fermion-gauge field interactions be unitary transformations and requiring that the Lagrangian density be gauge invariant forces this choice upon us. So quantum computation served as a pathway to discover a model quantum field theory in curved space (where the torsion of space encodes the particle's intrinsic spin) that is equivalent to a unitary lattice model. Both models describe a gauge field theory of a superconducting Fermi fluid.
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SUPPLEMENTAL MATERIAL Nonlinear gauge field theory
A curved-space gauge theory
Consider the gauge-invariant Lagrangian density as a quantum information dynamics theory of superconductivity
with matter field ψ = (ψ L↑ , ψ L↓ , ψ R↑ , ψ R↓ ) T for fermions with electric charge e and mass m, 4-potential field A µ = (A 0 , A) and field tensor
The zeroth-order term in an -expansion of the flux iψψ implicitly defines the background number density
so the metric tensor is
where m • parametrizes the strength of the nonlinear interaction. The quantity denotes the smallest length scale.
The
Inserting (30) into (34) gives the set of coupled equations
In theory (30), ψ and A µ are considered to be independent fields, so the Euler-Lagrange equations reduce to
The variation of the metric tensor is
so the Euler-Lagrange equations further reduce to
This can be rewritten as
The generator of angular momentum in the position-representation of the Lorentz group is
so (40) may be written as
A superconducting fluid (with magnetized quantum vortices) has the solution
so (44) in this case becomes
Since the commutator [γ µ , γ ν ] is antisymmetric and A µ A ν is symmetric in µ and ν, so the last term in the first equation cancels to zero and the equations of motion become simpler in this case
The generator of angular momentum in the spinrepresentation of the Lorentz group is
where the spin generator satisfies the algebra
. So the equations of motion may be written as
These are the Euler-Lagrange equation presented in the A curved-space gauge theory section of the Letter.
Relativistic superconductivity
Using (31), this may be separated as
Using (32) , this becomes
Let us first rewrite the Maxwell equations
in spinor form. With real-valued a charged 4-current source field eJ ν = e(ρ, J ) = eψγ ν ψ, number density ρ and 3-current J , (64) may be written in term of a complex 3-vector field F
To combine (65a) into a single equation, one may use a novel complex 4-vector field F µ = (F 0 , F ), so (65) becomes
which can be written elegantly in spinor variables. Let us start by converting
T into the 4-spinor field, say A, by using a unitary matrix transformation, say T . The unitary transformation is A a = T aµ A µ , which component form is
Similarly, along with the 4-spinor potential field A, denote the 4-spinor electromagnetic fieldF, current density field J , and dual 4-potential fieldÃ respectively as
The Maxwell equations (66) expressed in terms of 4-spinor fields (68) and using tensor-product notation are [66] eJ + 1 ⊗ σ · ∂F = 0,F + 1 ⊗σ · ∂A = 0, (69) where σ µ = (1, σ),σ µ = (1, −σ). These are the spinor form of the Maxwell equations presented in the Quantum computational spinor form section of the Letter. 
Equations (71) 
Quantum algorithm

Path integration
The block diagonal mass matrix is
where the unitary transformation T aµ is given in (67) 
With the Dirac matrices α = σ x σ and β = σ z 1, the contravariant 4-vector of gamma matrices are γ µ = (γ 0 , γ) = (σ z 1, iσ y σ).
The local equilibrium conditions (that hold at all points of the spacetime lattice) 
can be recast as unitary evolution of a composite fermionic field Ψ ≡ (ψ, Φ) and emulated with a quantum lattice gas algorithm for relativistic quantum mechanics [68] , which is based on a path summation rule on a spacetime lattice. To implement theory (30) in path integral form
D{x} dp is represented in reciprocal space by integers n = (n t , n x , n y , n z ), and the 4-momentum integral is represented by a summation in reciprocal space Ψ(x). With stream operatorŜ(n) = e i σzσ·pn/ expressed with the momentum operatorp n = n · σ/(L ), one converts to the Bloch-Wannier picture by replacing the
